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Symmetries and defects
in three-dimensional topological field theory
Ju¨rgen Fuchs and Christoph Schweigert
Abstract. Boundary conditions and defects of any codimension are natu-
ral parts of any quantum field theory. Surface defects in three-dimensional
topological field theories of Turaev-Reshetikhin type have applications to two-
dimensional conformal field theories, in solid state physics and in quantum
computing. We explain an obstruction to the existence of surface defects that
takes values in a Witt group. We then turn to surface defects in Dijkgraaf-
Witten theories and their construction in terms of relative bundles; this allows
one to exhibit Brauer-Picard groups as symmetry groups of three-dimensional
topological field theories.
1. Introduction
In this contribution we discuss the relation between two important structures
in quantum field theory: symmetries on the one hand, and defects of various codi-
mensions on the other. While it is hardly necessary to emphasize the importance of
symmetries, defects in quantum field theories or, in a different formulation, quan-
tum field theories on stratified spaces, and their relation to symmetries are a more
recent topic of interest.
Our exposition is organized as follows. We first discuss a few general aspects
of topological codimension-1 defects, both in two-dimensional and in three-dimen-
sional quantum field theories. A special emphasis is put on the relation between
invertible topological defects and symmetries. Afterwards we consider defects for
a particular class of three-dimensional topological field theories: Dijkgraaf-Witten
theories. An advantage of these models is that they admit a mathematically precise
formulation as gauge theories, see [DW90, Fr95, Mo13] and references therein.
Apart from providing insights in a language that is close to standard field theoretical
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formulations, this allows one to uncover interesting relations between categories of
(relative) bundles and recent results in representation theory.
2. Topological defects in quantum field theories
It has been recently realized in several different contexts that boundary condi-
tions and defects of various codimensions constitute important parts of the structure
of a quantum field theory. (Alternatively, one might say that it is instructive to
consider the quantum field theory not only on smooth manifolds, but also on strat-
ified spaces.) Codimension-1 defects, also called interfaces, separate regions that
can support different quantum field theories. Such defects arise naturally in appli-
cations, ranging from condensed matter systems, where they appear as interfaces
between different phases of matter, to domain walls in cosmology. The aspect we
wish to emphasize in this note is the fact that such defects provide a lot of struc-
tural insight into quantum field theories, including in particular their symmetry
structures.
Similarly as in the case of boundary conditions, there are various different
types of defects one can consider. In particular, one can impose various conservation
conditions of physical quantities on defects. An interesting subclass of codimension-
1 defects are topological defects. They are characterized by the property that the
values of correlators for configurations with defects do not change when the location
of a defect is only slightly changed, that is, changed by a homotopy without crossing
any field insertions or other defects. Examples of such defects have been known for
a long time (see e.g. [DW82]). Consider, for instance, the two-dimensional Ising
model, defined by a Z2-valued variable on the vertices of a two-dimensional CW-
complex. Select a line that crosses bonds transversally, and change the coupling
on each bond that is crossed by the line from ferromagnetic to anti-ferromagnetic.
In the continuum limit this provides a topological defect line in the critical Ising
model.
2.1. Symmetries from invertible topological defects. A particularly im-
portant subclass of topological defects are the invertible topological defects. Owing
to their topological nature, two topological defects can be brought to coincidence,
leading to a fusion product of defects. The precise mathematical formulation of
the relevant monoidal structure depends on the dimension in which the quantum
field theory is defined. For the moment, let us consider two-dimensional quan-
tum field theories. All statements made in the sequel have the status of theorems
[FFRS04, FFRS07] in the case of two-dimensional rational conformal field the-
ories; the general picture should be much more widely applicable, though. For a
two-dimensional rational conformal field theory, the topological line defects form a
monoidal category, with morphisms provided by field insertions which can change
the type of defect. In particular, there is an “invisible defect”, which is a monoidal
unit 1 in the category of defects.
An invertible defect D is characterized by the fact that there exists another
defect D∨ with the property that the fusion of D and D∨ gives the invisible defect,
D ⊗D∨ ∼= 1 ∼= D∨ ⊗D .
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(Thus in particular for every theory the invisible defect is invertible.) This be-
haviour leads to the relation
D D∨
= dim(D)−1
D∨
D∨
where dim(D) is the (quantum) dimension of the defect, which for an invertible
defect can take the values +1 (in unitary theories this is the only possibility) or
−1. This relation is to be understood as an identity of correlators when applied
locally in any configuration of fields and defect lines. With this relation, it is
immediate to deduce a connection with symmetries: one has equalities of the form
=
1
dim(D)
=
between correlators of different bulk fields.
Let us discuss this issue explicitly for the case of the two-dimensional critical
Ising model. There are then three primary fields, commonly referred to as the
identity field 1, the spin field σ and the energy field ǫ. Their conformal weights
are 0, 116 and
1
2 , respectively. Indecomposable topological line defects of the critical
Ising model turn out to be in bijection with these fields: in particular, 1 corresponds
to the invisible defect and ǫ to an invertible defect. (It is in fact the latter defect
that amounts to changing the couplings from ferromagnetic to antiferromagnetic.)
The action of this specific invertible defect on bulk fields is as follows: it leaves the
bulk fields corresponding to 1 and to ǫ invariant and changes the sign of σ. Inside
RCFT correlators for the critical Ising model we thus have the equalities
1
ǫ
=
1 ǫ
ǫ
=
ǫ σ
ǫ
= −
σ
As can be seen from these pictures, there is a natural action of invertible topo-
logical line defects on field insertions: wrapping such a defect around a bulk field
insertion yields another bulk field.
A further advantage of having a realization of symmetries in terms of invertible
topological defects is seen by studying what happens when the defect is moved
to a boundary with boundary condition M : this process yields another boundary
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condition M ′, according to
D M
=
M ′
In a similar manner, by wrapping around various structures in an obvious
way, the group of invertible topological defects acts as a symmetry group on all
data of the field theory, including field insertions of bulk, boundary and disor-
der fields, boundary conditions and types of defects. In the framework of the
TFT construction of correlators of two-dimensional rational conformal field theo-
ries [SFR06], isomorphism classes of invertible topological defects can be explicitly
classified [FFRS04, FFRS07]. In the example of the critical Ising model one finds
a symmetry group Z2, consisting of the invisible defect and the ǫ-defect described
above, while e.g. for the critical three-state Potts model one obtains a non-abelian
symmetry group S3.
For the present purposes, it is important to realize that topological codimension-
1 defects can also exist in more general classes of quantum field theories. Moreover,
in the general case geometric considerations suggest a natural action of such de-
fects on field theoretic structures, like boundary conditions and defects of various
codimensions, as well. In short: defects can wrap around field theoretic structures.
2.2. T-dualities and Kramers-Wannier dualities from topological line
defects. Before turning to higher-dimensional field theories, we point out that
topological line defects are indeed of much wider use: they can also implement
Kramers-Wannier dualities and T-dualities. If a general topological defect wraps
around a bulk field, the following situation is created:
φ
D
=
∑
intermediate
defects Di
φ
D
Di
D
In this way a bulk field φ is turned by the defect D into a disorder field.
To obtain an order-disorder duality, one also needs the opposite process, turning
disorder fields into ordinary local bulk fields. It can be shown [FFRS04, FFRS07]
that to this end the dual defect D∨ must be used, and that in this case one turns the
disorder field back into a bulk field if and only if the fused defect D⊗D∨ is a direct
sum of invertible defects. This condition can be examined in concrete models. It is
in particular satisfied for the defect corresponding to the spin field σ in the critical
Ising model, thanks to the well known fusion rule σ⊗ σ∼=1⊕ ǫ; this defect indeed
produces the action of the Kramers-Wannier duality in the critical model.
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Again we have a natural action on correlators:
=
1
dim(D)
=
1
dim(D)
=
which shows how correlators involving only bulk fields are related to correlators
involving disorder fields. Specifically, through the action of the σ-defect the corre-
lator of four spin fields on a sphere can be seen to be equal to the correlator of four
disorder fields, according to
=
1√
2
=
1√
2
=
σ
σ
σ
σ
σ
σ
σ
σ
σ
µ
µ
ǫ
ǫ
σ
σ
σ
µ
µ
ǫ
ǫ
µ
µ
and the correlator of two spin fields on a torus can be expressed as
σ
σ
=
1
2
ǫ
µ
µ
+
1
2
ǫ
µ
µ
ǫ
+
1
2
ǫ
µ
µ
ǫ
+
1
2
ǫ
µ
µ
ǫ
ǫ
T-duality of compactified free bosons can be understood as a special type of
order-disorder duality, see Section 5.4 of [FGRS07]. Indeed, the chiral data of two
T-dual full conformal field theories can be described by the same theory, namely the
one describing a Z2-orbifold of the free boson theory. The line defect implementing
the duality is then constructed from twist fields of this orbifold theory.
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2.3. Relative field theories. Before turning to defects in the specific class
of three-dimensional Dijkgraaf-Witten theories, we briefly explain two applications
of defects. The first is in the context of relative field theories. By definition, a
(d−1)-dimensional relative field theory is a field theory on the boundary of a d-
dimensional field theory or, more generally, on a codimension-1 defect. There are
interesting cases in which the latter is a topological field theory; we mention two
particular situations:
(1) The case that the d-dimensional topological field theory is even an invertible
theory. This provides a geometric setup for describing anomalous theories; see
[FT14].
(2) The case d=3, with the three-dimensional topological field theory being of
Reshetikhin-Turaev type and built from a modular tensor category that is the
representation category of a vertex algebra. In this case the relative theory on a
topological surface defect is a local rational conformal field theory whose underlying
chiral theory is the one built from the vertex algebra. This provides a geometric
interpretation [KS11] of the TFT construction [SFR06] of RCFT correlators.
2.4. Quantum codes. Another application of surface defects in three-dimen-
sional topological field theories are quantum codes. It is well known that the space
of qubits of the toric code on a surface Σ can be described by a topological field
theory of Turaev-Viro type. Indeed, the vector space assigned by the topological
field theory to the surface Σ contains the information on a vector space together
with an action of mapping class groups which is used to construct quantum gates.
Two problems are apparent: First, the surfaces Σ of concrete samples typically
have a low genus, and thus, according to the Verlinde formula, the TFT state space
space tft(Σ) has low dimension. Moreover, the representation of the mapping class
group might be too small to allow for universal gates. To circumvent these problems
the idea has been put forward [BW10, BQ12, BJQ13] to consider samples with
a bilayer (or multi-layer) system and twist defects that create branch cuts. They
effectively lead to systems defined on surfaces of higher genus and thus to higher-
dimensional quantum codes with richer representations of mapping class groups.
Such systems have been analyzed mathematically [FS14] by exploiting results on
permutation equivariant categories.
3. Defects and boundary conditions in three-dimensional topological
field theories
We now turn our attention to a particularly accessible subclass of three-dimen-
sional topological field theories, Dijkgraaf-Witten theories. These are topological
field theories of Turaev-Viro type, and they can be constructed explicitly in a
gauge-theoretic setting with finite gauge group. We treat them as 3-2-1-extended
topological field theories.
3.1. Constructing extended Dijkgraaf-Witten theories from G-bun-
dles. As a first input datum we select a finite group G. The space of field con-
figurations on a closed oriented compact smooth three-manifold M is then taken
to be the groupoid BunG(M) of G-bundles on M . By considering formally a path
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integral with vanishing action, we obtain a partition function that evaluates to
tftG(M) =
∫
BunG(M)
DA e0 =
∣∣BunG(M)∣∣ .
Here we use the fact that the groupoid BunG(M) is essentially finite, so that there is
a well-defined counting measure, its groupoid cardinality. The groupoid cardinality
of an (essentially) finite groupoid Γ is
∣∣Γ∣∣ := ∑
γ∈π0(Γ)
1
|AutΓ(γ)| ,
where the summation is over the set π0(Γ) of isomorphism classes of objects of Γ,
each of which is counted with the inverse of the cardinality of its automorphism
group.
Trivially, the number tftG(M)= |BunG(M)| defines an invariant of the three-
manifold M . It is non-trivial, though, that this invariant is local in the following
sense. Let us cut the closed three-manifold into two pieces, consisting of three-mani-
folds with boundaries that are closed oriented surfaces. Suppose that the topological
field theory can associate meaningful quantities to such manifolds as well, which
would allow us to reduce the problem of computing a three-manifold invariant to
computing invariants of simpler manifolds. To see what the topological field theory
tftG should associate to a closed oriented two-manifold Σ, we take a three-manifold
M with boundary Σ. For any G-bundle P on Σ, consider the groupoid BunG(M,P )
of G-bundles on M that restrict to the G-bundle P on the boundary ∂M . Then
BunG(M,P ) is an essentially finite groupoid: its groupoid cardinality provides a
function
ΨM : BunG(Σ) −→ C
P 7−→ |BunG(M,P )|
that depends only on the isomorphism class of the bundle P . To the surface Σ
itself, we should associate the recipient for all these functions: the vector space
C[π0(BunG(Σ))] of complex-valued functions on the set π0(BunG(Σ)) of isomor-
phism classes of G-bundles on Σ. We thus recover the well known feature that a
three-dimensional topological field theory assigns vector spaces to surfaces. In the
case of Dijkgraaf-Witten theories, these vector spaces are obtained by linearization
of (isomorphism classes of objects of) categories of bundles.
Closed two-manifolds can, in turn, be decomposed, e.g. in a pair-of-pants de-
composition, by cutting them along circles. Hence let S be a closed oriented one-
manifold and ask what an extended topological field theory should associate to S.
Following the same type of analysis as above, we choose a surface Σ with boundary
S. Fixing a G-bundle P on the boundary S, we assign to it a vector space,
ΨΣ : P 7−→ C[π0(BunG(Σ, P ))] .
The so obtained map ΨΣ : BunG(S)→Vect is a vector bundle on the space of
field configurations on S. Thus the extended Dijkgraaf-Witten theory based on G
should associate to S the C-linear category of vector bundles over the space of field
configurations. Denoting, for an essentially finite groupoid Γ, the functor category
from Γ to a category C by [Γ, C], this is the functor category
tftG(S) = [BunG(S),Vect] .
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We thus learn that a 3-2-1-extended topological field theory assigns to a one-ma-
nifold a C-linear category. The category tftG(S
1) can be computed explicitly: the
category BunG(S
1) is equivalent to the action groupoid G//G for the adjoint action
of G on itself. Indeed, after fixing a point p∈S1, a G-bundle is described by its
holonomy g∈G, on which gauge transformations act by the adjoint action. Thus
tftG(S
1)≃ [G//G,Vect], and this functor category is equivalent to the category of
G-graded vector spaces V =
⊕
g∈G Vg with a G-action such that g(Vh)⊂Vghg−1 .
Put differently, we deal with G-equivariant vector bundles on the group G.
This category is actually nothing but the Drinfeld center of the fusion category
G-Vect of G-graded vector spaces. For later reference, we recall the definition of
the Drinfeld center Z(A) of a monoidal category A: an object of Z(A) is a pair
(U, cU,−) consisting of an object U of A and a functorial family of isomorphisms
cU,X : U ⊗X→X ⊗U , called a half-braiding, subject to some further coherence
properties; a morphism from (U, cU,−) to (V, cV,−) is a morphism f : U→V in A
such that (id−⊗ f) ◦ cU,−= cV,− ◦ (f ⊗ id−). The half-braidings endow the Drinfeld
center Z(A) with the structure of a braided monoidal category. Dropping the half-
braiding gives a forgetful functor
Z(A) → A
(U, cU−) 7→ U
which has a natural monoidal structure. If a category C is already braided, then
the braiding provides a braided monoidal functor C →Z(C). The opposite braiding
endows the underlying category with another structure of a braided category, de-
noted by Crev, and similarly gives a braided monoidal functor Crev→Z(C). These
two functors combine into a braided monoidal functor
(1) F : C ⊠ Crev → Z(C)
from the Deligne product of C and Crev to the center. A braided category is called
non-degenerate iff this functor F is a braided equivalence. A non-degenerate ribbon
category is called a modular category.
The preceding considerations for Dijkgraaf-Witten theories lead us naturally
to the general definition of 3-2-1-extended topological field theories as a symmetric
monoidal 2-functor
tft : cobord3,2,1 → 2-Vect(C) .
This definition naturally generalizes Atiyah’s classical definition of (non-extended)
topological field theory. In the rest of this subsection we elaborate on this 2-func-
tor. In the definition, 2-Vect(C) is the symmetric monoidal bicategory of finitely
semisimple C-linear abelian categories, with the Deligne product as a monoidal
structure. The bicategory cobord,3,2,1 is an extended cobordism category whose
objects are closed oriented one-manifolds S, whose 1-morphisms S→S′ are two-
manifolds Σ with boundary together with a decomposition ∂Σ
≃−→S′ ⊔−S, and
whose 2-morphisms are three-manifolds with corners, up to diffeomorphism, again
with an appropriate decomposition of the boundary.
According to the definition, the 2-functor tft assigns to the oriented circle S1 a
finitely semisimple C-linear category C := tft(S1). The trinion (pair of pants), re-
garded as a cobordism S1 ⊔S1→ S1 gives a functor ⊗ : C⊠ C→C. Finally, suitable
three-manifolds with corners provide natural isomorphisms that endow this functor
with an associativity constraint and the category C with the structure of a braid-
ing. The constraints on these natural transformations, expressed by pentagon and
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hexagon diagrams, can be deduced from homotopies between three-manifolds with
corners. In this way the category C=tft(S1) is expected to be endowed with the
structure of a modular tensor category (see [BDSV14] for some recent progress).
The Reshetikhin-Turaev construction can be seen as a converse, constructing a
3-2-1-extended topological field theory from a modular tensor category.
3.2. Topological field theories with boundaries and defects. Incorpo-
rating defects and boundaries into a topological field theory amounts to consider
an enlarged bicategory cobord∂3,2,1 of cobordisms. As a warm-up, we recall the sit-
uation for two-dimensional topological field theories with boundaries, also known
as open/closed topological field theory [La01, AN06, MS06, LP08] Beyond dis-
joint unions of oriented circles, the category cobord∂2,1 has intervals Ia1,a2 , with
boundary conditions a1, a2 attached to the end points, as additional objects. Mor-
phisms are now surfaces with boundaries consisting of segments which are are either
“cut-and-paste boundaries” implementing locality or true physical boundaries.
A two-dimensional open/closed topological field theory is a symmetric monoidal
functor tft : cobord∂2,1 → Vect. It assigns a vector space
Aa := tft(Iaa)
to an interval with boundary condition a at either end point. For any boundary con-
dition a, a disk with three marked intervals on the boundary provides a cobordism
Iaa ⊔ Iaa→ Iaa; applying the functor tft thus yields a linear map Aa⊗Aa→Aa.
Further analysis [MS06, LP08] shows that this map furnishes a (not necessarily
commutative) associative product on Aa, and that Aa is even endowed with the
structure of a symmetric Frobenius algebra. A similar argument shows that for any
other boundary condition b, the cobordism Iaa ⊔ Iab→ Iab endows the vector space
Mb := tft(Iab) with a linear map Aa⊗Mb→Mb and thereby acquires the structure
of an Aa-module.
In this way one arrives at the following structure: boundary conditions form
a C-linear category that is equivalent to the category Aa-mod of Aa-modules for
any given boundary condition a. To the interval Ib1,b2 the topological field theory
assigns
(2) tft(Ib1,b2) = HomAa-mod(b1, b2) ,
the vector space of morphisms of Aa-modules. In particular, for any boundary
condition b, we find tft(Ib,b)=EndAa-mod(b), which is an algebra that is Morita
equivalent to the algebra Aa. If Aa is semisimple, then the commutative Frobenius
algebra C := tft(S1) that is assigned to the circle turns out to be the center of the
algebra Aa:
C = tft(S1) = Z(tft(Iaa)) = Z(Aa) .
For three-dimensional topological field theories, we will find a higher-categorical
analogue of these structures. In a complete treatment one should start by giving a
precise definition for the extended category cobord∂3,2,1 of cobordisms; several defini-
tions have been proposed for this enlarged category, see e.g. [Lu09, Sect. 4.3]. Here
we refrain from presenting a formal definition, and instead concentrate on some
of the physical requirements that such a category should satisfy. Again we start
from oriented three-manifolds, but this time we also allow them to have oriented
boundaries that are actual physical boundaries to which boundary conditions need
to be assigned, rather than the cut-boundaries that were already present in Section
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3.1, which are instead a device for incorporating some aspects of locality into the
theory. We also admit codimension-1 submanifolds, called surface defects. Such a
defect separates two three-dimensional regions each of which supports a topolog-
ical field theory, and the theories associated to the two regions may be different.
Labels must be assigned to such defects, too. In this way, we get in particular
invariants of three-manifold with embedded surfaces. In the present setting of 3-2-
1-extended topological field theories, it is natural to go one step further and allow
for codimension-2 defects as well. In particular, there will be generalized Wilson
lines separating two surface defects from each other, and likewise boundary Wilson
lines that are confined to a boundary component.
In a next step one imposes locality by cutting such a three-manifold to produce
three-manifolds with cut-boundaries. It is natural to impose the condition that the
cut-surface intersects all structure in the three-manifold, e.g. surface defects and
boundaries, transversally. Boundary manifolds now carry a decoration consisting
of lines labeled by surface defects and boundaries labeled by boundary conditions.
Imposing further locality, as in Section 3.1, requires to cut such decorated surfaces
transversally. This yields new types of labeled one-manifolds, which are to be taken
as the objects in the bicategory cobord∂3,2,1. Let us describe these objects in detail:
There are oriented intervals and circles, with finitely many marked points in the
interior that divide them into subintervals. Each subinterval is to be marked with
a topological field theory. Points adjacent to two subintervals are to be marked by
a surface defect, boundary points by a boundary condition. The possible boundary
conditions and types of surface defects have to be determined by a field-theoretic
analysis. For the case of Dijkgraaf-Witten theories we present this analysis in the
next subsection.
3.3. A model independent analysis of defects and boundaries. We now
turn to a general analysis of boundary conditions and defects in three-dimensional
topological field theories of Reshetikhin-Turaev type. The labels for the bulk Wil-
son lines in such a theory are supplied by some modular tensor category C. The
boundary conditions of the theory form a bicategory: its objects are boundary con-
ditions, its 1-morphisms are labels for boundary Wilson lines, and its 2-morphisms
label point-like insertions on boundary Wilson lines. Our goal is to describe this
bicategory in terms related to the modular tensor category C.
We want the boundary Wilson lines for a given boundary condition to be topo-
logical as well. As a consequence there is a fusion of boundary Wilson lines and we
have invariance under two-dimensional isotopies. This leads to the requirement that
for any boundary condition a the boundary Wilson lines and their insertions form a
C-linear, finitely semisimple, rigid monoidal categoryWa. The categoryWa is thus
a fusion category; since boundary Wilson lines are confined to the two-dimensional
boundary, Wa is, however, not endowed with the structure of a braiding.
To derive constraints on the categoryWa, we postulate that there should exist
a process of moving a bulk Wilson line to the boundary, and that this should be as
smooth as possible. (In other words, we exclude possible boundary conditions for
which such a smooth process does not exist.) This provides a functor Fa : C→Wa.
Next we impose the condition that the following two processes are equivalent: fusing
two bulk Wilson lines and then moving them into the boundary, and moving the
two bulk Wilson lines individually to the boundary and afterwards fusing them in
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the boundary; schematically,
U
U⊗V
Fa(U
⊗V
)
V
Fa(U)
U
F
a
(U
)
⊗
F
a
(V
)
V
Fa(V )
In formulas, what we postulate is the existence of coherent isomorphisms
Fa(U⊗CV ) ∼= Fa(U)⊗Wa Fa(V )
for all U, V ∈C. This means that the functor Fa has the structure of a monoidal
functor.
Similarly, the following two processes should be equivalent:
F
a (U)
U
X
U
X Fa(
U)
Here a bulk Wilson line labeled by an object U of C is moved to either side of a
boundary Wilson line labeled by an object X of Wa. Accordingly we postulate the
existence of coherent isomorphisms
Fa(U)⊗Wa X ∼= X ⊗Wa Fa(U) .
This constitutes an additional structure on a monoidal functor from a braided
category to a fusion category, called the structure of a central functor. It can be
alternatively described as the choice of a lift F˜a of Fa to the center of Wa, i.e. as
the existence of a braided monoidal functor F˜ such that the diagram
Z(Wa)

C Fa //
F˜a
<<②
②
②
②
② Wa
commutes, with the vertical arrow the forgetful functor described in Section 3.1. It
is now an evident naturality requirement to ask that F˜ is an equivalence of braided
categories: the only reason for the existence of a consistent prescription for moving
a specific boundary Wilson line past any arbitrary boundary Wilson line should be
that this boundary Wilson line actually comes from a Wilson line in the bulk via
the process described by the functor Fa.
We thus learn in particular that in order to admit boundary conditions of the
type just introduced, a modular tensor category C must be a Drinfeld center. This
constitutes a new phenomenon in three dimensions, for which there is no counter-
part in two dimensions: while any commutative algebra (arising, as explained in
Section 3.2, as the value of a two-dimensional topological field theory on a circle)
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is the center of some algebra (namely, of itself), it is not true that any braided
monoidal fusion category (arising as the value of a three-dimensional topological
field theory on a circle) is the Drinfeld center of a fusion category.
In this context, the following notions are relevant [DMNO13, DNO13]: Two
modular tensor categories C1 and C2 are said to be Witt equivalent iff there exist
fusion categories A1 and A2 and a braided equivalence
C1 ⊠ Z(A1) ≃−−→ C2 ⊠ Z(A2) .
The Deligne product induces on the set of equivalence classes a natural group
structure; this group is called the Witt group of modular tensor categories. It
contains, as a subgroup, the Witt group of finite abelian groups A that are endowed
with a quadratic form q : A→C×. (Such a form determines a modular tensor
category, a fact that is relevant for abelian Chern-Simons theories.) The obstruction
to the existence of boundary conditions for a three-dimensional topological field
theory based on a modular tensor category C can thus be restated as the condition
that the class of C in the Witt group must vanish, [C] = 0.
Suppose now we have already found one boundary condition a, i.e. one Witt-tri-
vialization F˜a : C ≃−→Z(Wa). If b is any other boundary condition, denote by Wa,b
the category of boundary Wilson lines separating a piece of boundary in boundary
condition a from a piece in boundary condition b. Fusion of Wilson lines inside the
piece in boundary condition a with a Wilson line separating a and b then yields a
functor
Wa×Wa,b −→Wa,b .
Hereby the category Wa,b acquires the structure of a module category over the
monoidal category Wa. This amounts to a categorification of the situation in two-
dimensional topological field theory analyzed in Section 3.2. The bicategory of
module categories over Wa is therefore a natural candidate for the bicategory of
boundary conditions.
In much the same way as a left module M over a ring R is a right module over
the ring EndR(M), the Wa-module category Wa,b is also a right module category
over the monoidal category EndWa(Wa,b) of module endofunctors of Wa,b. But
at the same time it is also a right module category over the fusion category Wb
of Wilson lines inside the boundary with boundary condition b. Naturality thus
suggests an equivalence Wb≃EndWa(Wa,b). This can only hold true if the fusion
category EndWa(Wa,b) is a Witt trivialization of C as well. Now indeed it is known
[Sc01] that for any module category there is a canonical braided equivalence
Z(Wa) ≃ Z(EndWa(Wa,b)) ,
so that we do have a canonical Witt trivialization for EndWa(Wa,b) as well.
More generally, given two boundary conditions described by Wa-module cate-
gory Mb and Mc, the category of boundary Wilson lines is given by the functor
category FunWa(Mb,Mc) of module functors. This can be regarded as a categori-
fication of Equation (2). At this point a word of warning is in order: via pullback
along the forgetful functor
C ≃−−→ Z(Wa) −−→Wa ,
any Wa-module category has a natural structure of a C-module category; however,
not every C-module category describes a boundary condition for the Reshetikhin-
Turaev theory based on C. As an illustration consider Kitaev’s toric code, which
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is the Dijkgraaf-Witten theory based on Z2. In that case there are 6 inequivalent
indecomposable C-module categories over the Drinfeld center C=Z(Vect(Z2)) of the
category Vect(Z2) of Z2-graded complex vector spaces, but only 2 indecomposable
module categories over the fusion category Vect(Z2). These two Vect(Z2)-module
categories correspond to the two known [BK01] elementary boundary conditions
for the toric code.
The results obtained above are easily extended to surface defects that separate
three-dimensional topological field theories of Reshetikhin-Turaev type based on
two modular tensor categories C1 and C2. Again, one starts with a fusion category
Wd of defect Wilson lines that are confined to the defect surface. We now get two
monoidal functors
C1 −→Wd and Crev2 −→ Wd
which combine into a single functor
Fd : C1⊠ Crev2 −→Wd .
Again this functor Fd has the structure of a central functor, yielding a functor
F˜d : C1⊠ Crev2 ≃−−→ Z(Wd)
that is again argued to be, by naturality, a braided equivalence. This leads to
the following obstruction: surface defects of the type studied here only exist if the
classes of the two modular tensor categories in the Witt group are equal, [C1] = [C2].
Our discussion is, deliberately, not at the highest possible conceptual level. In
analogy with the fact that Morita equivalent algebras can be naturally discussed
in a bicategorical setting with bimodules as 1-morphisms, in the present situation
there is an underlying 3-categorical structure. Also, we did not discuss fusion of
topological surface defects. Indeed, surface defects form a monoidal bicategory. The
monoidal unit is called the transparent surface defect, which separates a modular
tensor category C from itself. The underlying Witt trivialization is based on C, seen
as a fusion category, and the braided equivalence
C ⊠ Crev ≃−−→ Z(C)
which follows by Equation (1) from the fact that C is modular. Ordinary Wilson
lines are then recovered as defect Wilson lines separating the transparent defect
from itself.
3.4. Defects and boundaries in Dijkgraaf-Witten theories. We now
describe an explicit gauge-theoretic construction [FSV14] of boundary conditions
and surface defects for Dijkgraaf-Witten theories. A key idea is to keep the two-step
procedure outlined in Section 3.1: first we assign to manifolds of various dimension
groupoids of (generalized) bundles, and then we linearize those categories.
Our ansatz is inspired by the notion of a relative bundle: Given a morphism
j : Y →X of smooth manifolds and a group homomorphism ι : H→G, the category
of relative bundles has as objects triples consisting of a G-bundle PG→X , an H-
bundle PH→Y , and an isomorphism
α : IndGH(PH)
∼=−−→ j∗PG
of G-bundles on Y . A morphism is a pair consisting of a morphism PG
ϕ
G−−→P ′G
of G-bundles on X and a morphism PH
ϕ
H−−→P ′H on Y of H-bundles, obeying the
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obvious compatibility constraint
IndGH(PH)
α
//
IndG
H
(ϕ
H
)

j∗PG
j∗ϕ
G

IndGH(P
′
H)
α′
// j∗P ′G
with the isomorphisms α and α′.
In our construction, relative bundles are the appropriate tool for describing
boundaries. In the case of a surface defect Σ →֒M the situation is somewhat more
subtle. Suppose that Σ divides the three-manifold M into two disjoint connected
components M±. We consider the situation that Dijkgraaf-Witten theories for
two, possibly different, finite groups G± are associated to the components M+ and
M−. Denote by M± :=M± ∪Σ the closure of M± in M , and by j± : Σ →֒M± the
corresponding embeddings. We then consider, for a given group homomorphism
H → G+×G− as field configurations the groupoid whose objects consist of two
G±-bundles P±→M±, an H-bundle PH→Σ and an isomorphism
β : IndGH(PH)
∼=−−→ j∗+P+ × j∗−P−
of G+×G−-bundles on Σ.
We have to add yet one further datum to Dijkgraaf-Witten theories. Namely,
typically, the linearization of groupoids is twisted by a 2-cocycle on the relevant
groupoid of generalized bundles. This requires the choice of additional data on
the finite groups involved. We first discuss the situation without boundaries and
without surface defects, for a Dijkgraaf-Witten theory based on a finite group G.
Then the additional datum is a three-cocycle ω ∈Z3(G,C×) on the group. A
more geometrically inclined reader is invited to think about this cocycle as a three-
cocycle on the stack BunG of G-bundles, and thus as a (Chern-Simons) 2-gerbe
on BunG. Such a three-cocycle leads to a holonomy on closed three-manifolds and
thus furnishes a topological Lagrangian, yielding a three-dimensional topological
field theory tftG,ω. To determine the category tftG,ω(S
1), we need a 2-cocycle τ(ω)
on the groupoid BunG(S
1)≃G//G, the action groupoid for the adjoint action of G
on itself. The transgressed 2-cocycle τ(ω) can be obtained [Wi08] from the group
cocycle ω by evaluating ω on a suitable triangulated three-manifold. This indeed
produces the well-known 2-cocycle [DPR90] for Dijkgraaf-Witten theories.
We now illustrate the generalization of this prescription to boundaries and
defects in an example. Let I be an interval with a marked point in its interior,
corresponding to a surface defect. To each of the two subintervals I1,2 we a assign
a finite group G1,2 and three-cocycles ω1,2 ∈Z3(G1,2,C×), of which we think of
as topological bulk Lagrangians. To the end point adjacent to the first interval,
we assign a group homomorphism ι1 : H1→G1 and a boundary Lagrangian as
follows. We think about the three-cocycle ω1 on G1 as a Chern-Simons 2-gerbe
on BunG1 . The group homomorphism ι1 induces a morphism BunH1 →BunG1 of
2-gerbes. A similar situation, one categorical dimension lower, is familiar from the
study of D-branes, see e.g. [FNSW10]: for D-branes, one has a gerbe on the bulk
manifold and a morphism of gerbes on the boundary, from the trivial gerbe to
the restriction of the bulk gerbe. This is an instance of the general principle that
in gauge theories, holonomies of manifolds with boundary, and thus topological
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actions on such manifolds, can only be defined if a trivialization on the boundary
is chosen.
In the situation at hand, what is to be trivialized is the restriction of the Chern-
Simons 2-gerbe to BunH1 . Thus in terms of group cochains, we are looking for a
2-cochain θ1 ∈C2(H1,C×) that represents a morphism from the trivial 2-gerbe on
BunH to the 2-gerbe described by the restriction of the three-cocycle ω1 on G1
to BunH1 . Accordingly we impose the condition dθ1= ι
∗
1(ω1). We think about
θ1 as a topological boundary Lagrangian. The situation at the other end point
is, in complete analogy, described by a group homomorphism ι2 : H2→G2 and a
2-cochain θ2 ∈C2(H2,C×) such that dθ2= ι∗2(ω2).
In a similar vein, the situation for the surface defect is a higher-categorical
analogue of bibranes [FSW08], which describe the target space physics of topo-
logical defects in two-dimensional conformal field theory: We now have a group
homomorphism ι12 : H12→G1×G2 and a 2-cochain θ12 ∈C2(H12,C×) satisfying
dθ12= ι˜
∗
2(ω2) · ι˜∗1(ω1)−1, with the group homomorphisms ι˜i : H12 ι12−−→G1×G2
pi−−→Gi
obtained from ι12 and the canonical projections. Indecomposable boundary condi-
tions and defects correspond to group homomorphisms ι1,2, respectively ι12, that
are injective, i.e. are subgroup embeddings.
In [FSV14], an explicit prescription was given for transgressing these cochains
to a 2-cocycle on the relevant category of (generalized) relative bundles. This
prescription is a generalization of the one given in [Wi08] for Dijkgraaf-Witten
theories without boundaries or defects. It makes the categories associated to one-
manifolds with defects and boundaries quite explicitly computable.
On the other hand, there are also general results for boundary conditions and
defects in three-dimensional topological field theories of Reshetikhin-Turaev type.
Suppose the theory is based on a modular tensor category C. The model indepen-
dent analysis of Section 3.3 reveals that topological boundary conditions only exist
if the category C is braided equivalent to the Drinfeld center of a fusion category
A. For Dijkgraaf-Witten theories based on a finite group G and a three-cocycle
ω∈Z3(G,C×), this condition is satisfied automatically: the category C= CG,ω is
the Drinfeld center of the category Vect(G)ω of G-graded vector spaces with asso-
ciator twisted by the three-cocycle ω.
Recall from the general analysis in Section 3.3 that boundary conditions are
in bijection with module categories over the fusion category A. For the fusion
category Vect(G)ω relevant for Dijkgraaf-Witten theories, indecomposable module
categories are, in turn, known [Os03] to be in bijection with subgroups ι : H →֒G
and 2-cochains θ ∈C2(H,C×) such that dθ= ι∗ω. This matches exactly the gauge-
theoretic description of types of boundary conditions. According to the general
results [FSV13], the topological field theory should assign to an interval with
Dijkgraaf-Witten theory based on (G,ω) and boundaries with boundary conditions
(H1, θ1) and (H2, θ2) the category
FunVect(G)ω (M(H1, θ1),M(H2, θ2))
of module functors from the indecomposable module category M(H1, θ1) over the
fusion category Vect(G)ω to the indecomposable module category M(H2, θ2). A
non-trivial calculation [FSV14] shows that this category coincides, as a finitely
semisimple abelian category, with the category obtained by linearizing categories
of generalized relative bundles.
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A similar calculation can be performed for the circle with surface defects as
point-like insertions. This requires a higher-categorical version of the notion of
a trace, namely a trace 2-functor on bimodule categories with values in C-linear
categories. Such a coherent trace can indeed be constructed [FSS14, Sect. 3] and
gives rise to results that are in accordance with gauge theoretic calculations in
Dijkgraaf-Witten theories [FSS14, Sect. 5].
3.5. Symmetries from invertible topological surface defects. We now
turn to the relation between symmetries of three-dimensional topological field the-
ories of Turaev-Viro type and invertible surface defects. For such a theory, the
modular tensor category C of bulk Wilson lines is the Drinfeld center of a fusion
category A, i.e. C=Z(A).
According the paradigm discussed in Section 1, symmetries should correspond
to invertible topological surface defects, and their action should be described by
wrapping those defects. By the analysis presented in the preceding subsection,
invertible surface defects are described by invertible bimodule categories over the
fusion category A. These form a monoidal bicategory; restricting to only invertible
1-morphisms and 2-morphisms in this bicategory, one obtains a categorical 2-group,
the Brauer-Picard 2-group [ENOM10]. Its isomorphism classes form a finite group
BrPic(A); in the sequel work with this group, rather than the underlying 2-group.
Applying an extended topological field theory to a two-manifold with boundary
yields a functor. Take this two-manifold to be a cylinder with a surface defect of
type D wrapping the non-contractible cycle:
D
This yields an endofunctor FD : C →C. A detailed analysis [FPSV14] shows
that if the defect D is invertible, then the functor FD has the structure of a braided
monoidal autoequivalence. In the case of Dijkgraaf-Witten theories, the modu-
lar tensor category of bulk Wilson lines is C=Z(Vect(G)), and an invertible (and
thus indecomposable) defect is given by a subgroup ι : H →֒G×G and a 2-cochain
θ∈C2(H,C×). The functor FD ≡F(H,θ) can then be explicitly obtained by lin-
earizing the span of action groupoids
H//H
πˆ2
##❍
❍❍
❍❍
❍❍
❍❍
πˆ1
{{✈✈
✈✈
✈✈
✈✈
✈
G//G G//G
for adjoint actions which describe the relevant categories of (relative) bundles. Here
πˆi is the functor on groupoids that is induced from the group homomorphism
H
ι−→G×G pi−−→G. One can then compute a pull-push functor on the lineariza-
tions to arrive at the functor
F(H,θ) : Z(Vect(G)) = [G//G,Vect] −→ [G//G,Vect] ,
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which comes with a natural monoidal structure and which is braided. This con-
struction provides an explicit group homomorphism
BrPic(A) −→ brdEq(Z(Vect(G)))
from the Brauer-Picard group to the group brdEq(Z(Vect(G))) of braided autoe-
quivalences of the Drinfeld center of Vect(G). A detailed comparison [FPSV14]
shows that this group homomorphism is exactly the one considered in [ENOM10];
this embeds the construction of that paper naturally into the framework of topo-
logical field theories with defects. It is also shown in [ENOM10] that the group
homomorphism is actually an isomorphism. According to the considerations above,
this representation theoretic result can be reinterpreted as the statement that sym-
metries of topological field theories of Turaev-Viro type can already be detected
from their action on the category of bulk Wilson lines.
3.6. Symmetries for abelian Dijkgraaf-Witten theories. We now re-
strict our attention to the class of Dijkgraaf-Witten theories with vanishing three-
cocycle and based on a finite abelian group A. In this case the Brauer-Picard group
is explicitly known [ENOM10]:
BrPic(Vect(A)) ∼= Oq(A⊕A∗) ,
where A∗ is the character group of A, q : A⊕A∗→C× is the natural quadratic
form that is determined by q(g, χ)=χ(g) for g ∈A and χ∈A∗, and Oq(A⊕A∗) is
the subgroup of those automorphisms of the finite group A⊕A∗ that preserve this
quadratic form q.
There are three obvious types of symmetries the Dijkgraaf-Witten theory should
possess:
(1) Symmetries of BunA.
As explained in Section 3, we can think about the stack BunA as a target space for
Dijkgraaf-Witten theories. Accordingly, symmetries of BunA, i.e. group automor-
phisms of the abelian group A, can be expected to be kinematical symmetries of
the Dijkgraaf-Witten theory.
Indeed, for ϕ∈Aut(A) the graph graph(ϕ)⊂A⊕A is a subgroup; together with
the trivial 2-cochain θ=1∈C2(graph(ϕ),C×) it describes an invertible surface de-
fect. Following the prescription given in Section 3.5, we compute the corresponding
braided autoequivalence to be the element
ϕ⊕ (ϕ∗)−1 : A⊕A∗ → A⊕A∗
of Oq(A⊕A∗).
(2) Automorphisms of the Chern-Simons 2-gerbe on BunA.
Recall that the three-cocycle ω ∈C3(A,C×) has the interpretation of a Chern-
Simons 2-gerbe on BunA. In the case at hand this 2-gerbe is trivial. Nevertheless
its automorphisms are not trivial; rather, they are given by 1-gerbes on BunA.
Their isomorphism classs are given by the cohomology group H2(A,C×). By
transgression [Wi08], any cohomology class gives an alternating bihomomorphism
β : A×A→C×, which in physical terms can be interpreted as a “B-field”. (Indeed,
for a finite abelian group, transgression provides a group isomorphism between the
cohomology group H2(A,C×) and the group of alternating bihomomorphisms.)
Again we can explicitly identify an invertible topological surface defect: the one
given by the diagonal subgroup Adiag⊂A⊕A together with a representative of a
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cohomology class in H2(A,C×), which we identify with the associated alternating
bihomomorphism β. The corresponding braided equivalence can be computed to
act as
A⊕A∗ −→ A⊕A∗
(g, χ) 7−→ (g, χ+ β(g,−)) .
Thus this type of automorphism shifts the character by the contraction of the B-
field β with the group element.
(3) Electric-magnetic dualities.
It is finally expected that electric-magnetic dualities form a class of symmetries of
Dijkgraaf-Witten theories (see e.g. [BCKA13] for a discussion of such symmetries
for Turaev-Viro theories based on finite-dimensional semisimple Hopf algebras).
To present a simple example, assume that A is a cyclic group and fix a group
isomorphism δ : A→A∗. Then there is a natural braided equivalence
A⊕A∗ −→ A⊕A∗
(g, χ) 7−→ (δ−1(χ), δ(g)) .
This can again be described by an invertible surface defect, namely the one given
by the diagonal subgroup Adiag⊂A⊕A and the alternating bihomomorphism β
defined by
β(g1, g2) :=
δ(g1)(g2)
δ(g2)(g1)
for g1, g2 ∈A .
A careful investigation [FPSV14] of the structure of the finite group Oq(A⊕A∗)
shows that in fact the three types of symmetries listed above generate this group,
i.e. they already provide all symmetries of the theory.
4. Conclusions
Here is a brief summary of crucial insights presented in this contribution:
• Topological defects are important structures in quantum field theories.
• By general principles they describe symmetries and dualities of quantum
field theories in such a way that the action of these symmetries and duali-
ties on all different structures of a quantum field theory becomes apparent.
This includes the action on field insertions as well as the action on bound-
ary conditions and defects of various codimensions.
• Topological codimension-1 defects and boundaries provide a natural set-
ting for studying relative field theories. This includes in particular anoma-
lous field theories and the TFT construction of RCFT correlators.
• Applications of topological defects virtually concern all fields of physics
to which quantum field theory is applied.
There are several classes of quantum field theories in which topological defects can
be treated quite explicitly. Besides two-dimensional rational conformal field theo-
ries, these include three-dimensional topological field theories of Reshetikhin-Turaev
type. We have shown that a natural class of defects and boundary conditions in
such theories is obstructed, with an obstruction taking values in the Witt group
of non-degenerate braided fusion categories. We have also demonstrated, for the
subclass of Dijkgraaf-Witten theories, how defects and boundary conditions can be
formulated in a gauge-theoretic setting using (generalizations of) relative bundles.
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This provides a natural embedding of structures of categorified representation the-
ory, in particular of the theory of module and bimodule categories over monoidal
categories, into the more comprehensive setting of (extended) topological field the-
ory.
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